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Abstract. In this paper we study the existence and uniqueness of fixed points 
of a class of mappings defined on complete, (sequentially compact) cone metric 
spaces, without continuity conditions and depending on another function. 

1. Introduction 

Since the Banach's contraction principle come out in 1922 (see, e.g., [13], [17]), 
several type of contraction mappings, acting on metric spaces, have been appearing, 
at point that in 1977 B.E. Rhoades |35i made a comparison of 250 different type (or 
classes) of contraction mappings. Chatterjea, Eldestein, Hardy & Rogers, Kannan 
and Shimi -contraction type of maps, are some of the most extensively studied [7] 
[131 [T21 dH [inilSIll32] ■ Generalizations of such classes are already known, we quote 
here only [4], [H], [10], [29] and [30] for some of such generalizations. Also, there exist 
a lot of works devoted to study the relations among these (and others) generalized 
contraction-type maps, see for instance [9] 1361 137]. Recently, a new generalization 
of contraction mappings acting on complete metric spaces was introduced by A. 
Beiranvand, S. Moradi, M. Omid and H. Pazandeh ^ called: T— contraction and 
contrative which are contraction mappings depending on another function T, 
extending in this fashion the Banach's contraction principle and the Edelstein's 
fixed point Theorem. Furthermore, in [26j S. Moradi define the corresponding T- 
Kannan contraction. 

The class of contraction mappings that will be play a principal role in this paper 
is the introduced in 1986 by L. Nova [l^, (or see [TT], [T^] for instance) which is 
defined as follows: 

Let [M, d) be a complete metric space, K C M closed and T : K > K an 

arbitrary mapping. We shall say T belong or is of class D{a,b) when T satisfies 
the following condition, for a,b > and any x.y Cz K . 

(1.1) d{Tx, Ty) < ad{x, y) + b [d{x, Tx) + d{y, Ty)] . 

Fixed point's existence and uniqueness theorems, as well examples of mappings on 
D{a, b), can be found in [TTl [121 [23l [27] . Notice that a mapping T satisfying (jl.ip is 
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a Banach contraction map when 6 = and a < 1. In addition, for a = we obtain 
that T is a Kannan contraction and for a 7^ 0, a Reich contraction for the special 
case of 02 = a3, while any mapping, continuous or not, is in class 15(1, 1). 

On the other hand, generalized Banach spaces, specially ordered Banach spaces, 
bring a large variety of spaces where contraction type of mappings can be defined, 
providing conditions for the existence and uniqueness of fixed points (see, [3 [6l 1261 
l38]). Using this approach, Huan Long - Guang and Zhang Xian in 22J, introduced 
the concept of cone metric space, where the set of real numbers is replaced by 
an ordered Banach space. They introduced the basic definitions and discuss some 
properties of convergence of sequences in cone metric spaces. Ordered Banach 
spaces and normal cones are especially useful in applications on optimization theory 
coming from non-convex analysis, see for instance [241 125j. 

In the same paper {22| , several fixed point theorems for contractive single- valued 
maps (Banach, Eldestein and Kannan type-mappings) in such spaces was proved. 
Subsequently, some other mathematicians, (see, e.g., [11 [2l [TBI [TH |29l |34] ) , have 
generalized these results of Guang and Zhang. The corresponding version of D{a, b) 
defined on cone metric spaces was given in 2008 by M.S. Khan and M. Samanipour 
[2T] as a particular case of the class E{a, b, c) introduced there (Definition 2.4). 

The main goal of this paper is, using the approach of A. Beiranvand et al [31113] 
and M.S. Khan and M. Samanipour 21j, to introduce a generalization of the class 
D(a, b) and proof the corresponding theorems of existence and uniqueness of fixed 
points. 

2. Cone metric spaces 

Consistent with Guang and Zhang [22], we recall the definitions of cone metric 
space, the notion of convergence and other results that will be needed in the sequel. 
Let i? be a real Banach space and P a subset of E. P is called a cone if and only 

if: 

(1) P is non-empty, closed and P 7^ {0}; 

(2) a, G K, a, 6 > and x , y e P ^ ax + by £ P; 

(3) X e P and -x e P ^ x ^ 0. 

For a given cone P C iJ, we can define a partial ordering < on i? with respect to 
Pby 

X < y^ if and only if y — x £ P. 

We shall write x < y to indicate that x < y but x ^ y, while x <C j/ will stands 
for y — X G Int P, where Int P denotes the interior of P. The cone P C E is called 
normal if there is a number K > such that for all x,y £ E, 

< a; < y, implies ||a;|| < XIIj/H. 

The least positive number satisfying inequality above is called the normal constant 
of P. 

The cone P is called regular if every increasing sequence which is bounded from 
above is convergent. That is, if (a;„) is a sequence such that 

xi < X2 < ■ ■ ■ < Xn < ■ ■ ■ < y 

for some y £ E, then there is x & E such that \\xn — x\\ — > 0, (n 00). 

In [34j was proved that every regular cone is normal, also other properties of the 
cones can be found there. 
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In the following we always suppose E is a, real Banach space, P is a cone with 
Int P 7^ and < is a partial ordering with respect to P. 

Definition 2.1 ([22])- Let M be a nonempty set. Suppose the mapping d : M x 
M — > E satisfies: 

(1) < d{x, y) for all x,y (z M and d{x, ?/) = if and only if x = y; 

(2) d{x, y) — d{y, x) for all x,y ^ M; 

(3) d{x, y) < d{x, z) + d{y, z) for all x,y, z M. 

Then d is called a cone metric on M and (Af, d) is called a cone metric space. 

It is obvious that cone metric spaces generalize metric spaces. 

Examples 2.2. (1) ([22l Example 1]) Let E = M.'^, P = {{x,y) G E : x,y > 
0} C K2, M = R and d : M X M — > E such that 

d{x,y) = (^\x-y\, a\x - y\^ 

where a > is a constant. Then (Af , d) is a cone metric space. 
(2) ([Ml Example 2.3]) Let E = (C^p, 1],R), with the norm 

ll.f|| :=||/||oc. + ||/'||oo, 

and the cone P = {ip (z E : ip > 0}. This is an example of a non- normal 
cone. 

Definition 2.3 ([22]). Let {M,d) be a cone metric space and (x„) a sequence in 
M. Then: 

(1) (Xn) converges to x e M if for every c G E, with ^ c, there is no € N 
such that for all n > no, 

d{Xn, x) < C. 

We denote this by lim a;„ = a; or Xn — > x, {n oo). 

n — *oo 

(2) If for any c € E, there is a number no € N such that for all m,n > no 

d(^Xjij Xjji^ c, 

then (Xn) is called a Cauchy sequence in M; 

(3) (Af, d) is a complete cone metric space if every Cauchy sequence is conver- 
gent in Af . 

Definition 2.4. Let {M,d) be a cone metric space. If for any sequence (a;„) in 
Af, there is a subsequence (a;„J of (a;„) such that (xn-) is convergent in Af, then 
(Af , d) is called a sequentially compact cone metric space. 

Next Definition and subsequent Lemma are given in [3] in the scope of metric 
spaces, here we will rewrite it in terms of cone metric spaces. 

Definition 2.5. Let (Af, d) be a cone metric space. Then 

(1) T is said to be continuous if lim a;„ = x, implies that lim Txn — Tx for 

n — >oo n — >oo 

every (xn) in M; 

(2) T is said to be sequentially convergent if we have, for every sequence {y-n), 
if T{yn) is convergent, then (y„) is also convergent; 
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(3) T is said to be suh sequentially convergent if we have, for every sequence 
(?/„), if r(j/„) is convergent, then (?/„) has a convergent subsequence. 

Lemma 2.1. Let {M,d) be a sequentially compact cone metric space. Then every 
function T : M — > M is subsequentially convergent and every continuous function 
T : M > M is sequentially convergent. 

3. The class DT{a,b) 

In this section, we will introduce a class of mappings that generalize the class 
D{a, b) defined in [23] and [21], for Banach spaces and complete metric cone spaces 
respectively. As in [35 our fixed point theorems for elements in this class will be 
proved omitting the assumption of normal cone. 

Definition 3.1. Let (Af, d) be a complete cone metric space and T, S : M — > AI 
two functions such that T is continuous and injective. A mapping S is of class 
Dxia, 6), for a, 6 > constants, if satisfies the following inequality 

(3.2) d{TSx, TSy) < ad{Tx, Ty) + b[d{Tx, TSx) + d{Ty, TSy)] 

for all X, y e M . 

Example 3.2. We are going to consider a function S ^ -D(a, b) and a function T, 
injective and continuous, such that S ^ Dxia, b). 

Let E = (C[0,1],R), the cone P = {ip € E : > 0}, M := [0,1] and 
d(x,y) — \x — j/|e* where e* € E. Let consider Sx — y^, the continuous and 
injective function Tx — ax, a G R \ {0}. First we will prove that for < a,b < 1, 
S ^ D{a, b). In fact, if we suppose the opposite, then 

d{Sx, Sy) < ad{x, y) + b[d{x, Tx) + d{y, Ty)]. 

Rewriting this inequality we obtain 

15*2; - Sy\e' < a\x - y|e* + b[\x - Sx\ + \y - Sy\]e\ 

from last inequality we conclude that S G D{a, b) in the sense of Banach spaces, 
which means that S E D{a,b) for the Banach space ([0, 1], | • |). But Example 1 
on 12], proves that S ^ D{a,b) for < a, 6 < 1, proving in this way that in fact 
S ^ D{a, b) when the mapping is defined in the cone metric space E. On the other 
hand, notice that if S* G Dt{cl, b) then next inequality follows 

d{a\/x, ay/y) < ad{ax, ay) + b[d{ax, a\/x) + d{ay, ay/y)] 

or, that S G D{a,b) which is false. 

Example 3.3. Now, we will consider a function S ^ D{a, b) and an injective, 
continuous function T such that S G Dxia, b). 

In this case E = (C[0, 1],R), the cone P = {ip e E : ip > 0}, M -.^ [i,l] 
and d{x,y) — \x — yje* where e* G E, consider the function S define as Sx = y/x 
which does not belong to D{a, b) for < a, 6 < 1. Let the continuous and injective 
function Tx — Inx. We will prove that S G DT{a,b). For attain a such goal we 
need to proof that the following inequality holds. 

I In y/x — In y/y\ < a| In a; — In y| + 6[| In a; — In + | In y — In ^^1] . 

Or equivalently that 
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Notice that inequality above holds for x ^ y. So, we can assume without loss of 
generality that x > y. Then (13. 3p ca be rewrite as 



In,/- <aln- + 61n^-61n^. 



y y X ^ 

Since < a, 6 < 1 and x,y £ M , then we have that last inequality is satisfies if and 
only if 

^ ^^^a+b^V^ y 



y y X ^ 

which is holds if and only if a + 5 > 0. Therefore, S G Dxia, b). 

Example 3.4. In this example we will show a function S £ D{a, b) such that for 
a continuous and injective function T, we get S ^ DT{a, b). 

Let E = (C[0,1],R), the cone P = {ip & E : ip > 0}, M := [0,1] and 
d{x,y) = \x — ?/|e* where e* € E. In this case let the function Sx = x. We have 
that S G D{a,b) for a < 1. Take Tx = Then if G DT{a,b), the following 
inequality is satisfied 

d{\/x, ^) < ad{y/x, 
rewriting inequality above we get 

\Vx- Vy\ < a\^/x- y^l, 

which is false because a < 1. 

The following result describe the asymptotic behavior of the elements on DT{a, b), 
also give conditions for existence and uniqueness of fixed points for applications in 
that class. 

Theorem 3.1. Let {M,d) be a complete cone metric space, P be a cone, and 

let T, S : M > M be mappings such that T is continuous and injective. If 

S G Dria, b), a,b> and moreover: 

(i) Ifa + 2b<l, then 

lim d(r5™a;o, TS'^xq) = 0, for every xq G X. 

m,rL — >oo 

(ii) Ifa + 2b < 1, andT is sub sequentially convergent. Then S has a fixed point. 

(iii) If a < 1, then the fixed point of S is unique. 

(iv) Ifa+2b < 1 and furthermore T is sequentially convergent, then the sequence 
of iterates {S"'Xo), for every xq G X , converges to the unique fixed point of 
S. 

(v) If b < 1 and (x„)„ is a sequence of points on X converging to a fixed point 
of S , then 

(3.4) d{Txn, TSxn) ^0, as n ^ oo. 

(vi) If b < 1, {xn)n converges to a point p and (|3.4[) holds, then p is a fixed 
point of S . 

(vii) If b < \ and S has a fixed point p, then S is continuous at p. 

Proof. (i) Let xq be an arbitrary point, we define the iterative sequence (x„)„ 
by setting Xn+i ■= Sxn (equivalently, Xn :— S'^xq), n — 1. . . . . Using the 
fact that S G DT{a,b), we have 

d{TXn,TXn+l) = d{TSXn-l,TSXn) 

< ad{TXn-l,TXn) + b[d{TXn-l,T SXn-l) + d{TXn,TSXn)\ 



J. R. MORALES AND E.M. ROJAS 



SO that. 



d{Txn,Txn+i) < ° ^ ^ d{Tx„-i,Txn) 



Repeating the argument we obtain 

d{Txn,Txn+i) < X"'d{Txo,Txi), 

where A := < 1. From inequahty above, we have for every m,n £ N 
such that m > n 

d[TXm,TXn) < d{Tx„r,TXm-l) + d{Tx,n-i,TXjn-2) 
H h d{TXn+l,TXn) 

< [A'"-i + A"-2 + . . . + r]d{Txo, Txi) 

< [A" + A"-i + • • • +]d{Txo, Txi) = -d{Txo, Txi). 

L — A 

Let <C c be given. Choose a natural number TVi such that ]^d(ra;o, Txi) <C 
c, for all n> Ni. Thus 

d{Txm, Txn) <C c, m > n. 

So, we have that d{Txm, Txn) ^ ^ for all rt > 1. Therefore, ^—d{Txra, Txn) G 
P for all n > 1. Since - ^ (n ^ oo) and P is closed, then ~d{Txm, Txn) € 
P. Thus 

lim d{TS"'xo,TS''xQ) = 0. 

(ii) From part (i) we know that (Txn)n is a Cauchy sequence in {X,d). Since 
{X, d) is a complete cone metric space, there exists x £ X such that 

.5) lim Txn — X. 

n — >oo 

On the other hand, the hypothesis that T is a subsequentially convergent 
mapping, imply that (a;„)„ has a convergent subsequence. So, there ex- 
ists y X and (a;„(i,-))fe such that limfe^oo a;„(/j) = y. From the continu- 
ity of T we have that limfc^oo Txn(k) = Ty and by equality (|3.5p we get 
Ty — X. Now, choose a natural number N2 such that d(Ty,Txn(k)-i) ^ 
^c, A"('=)-M(r5a;o,Ta;o) < ^c, A"Wd(T5xo, Txo) < i^c and 
d{Txn(k)+i,Ty) « i^c, for aU n{k) > N2. 

d{TSy,Ty) < d{TSy,TS''^''^ xo) + d{TS"^'''> xo,TS''^'''>+'^xo) 
+d{TS"^'''^+^xo,Ty) 

< ad{Ty, TS^^'^^-^xo) + b[d{Ty, TSy) 
-hd(T5'"W-ia;o,r5"('=)a:o)] 

-Hd(TS'"('=)a;o, TS'"W+i2;o) + d{TS'^^''^+^XQ, Ty) 

< ad{Ty, TS^^'^^-^xo) + b[d{Ty, TSy) 
+Xn{k)-id(^TSxo,TxQ)] 
+\"^''UiTSxo, Txo) + d(r5"('=)+ixo, Ty), 
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hence, we get 

b 



diTSy, Ty) < -^^d{Ty, Tx„^k)-i) + y-^X'^'^^^-'diTSxo, Txq) 



1-b 

c c c c 

< 7 + 7 + 7 + 7= 
4 4 4 4 

for all n{k) > N2. Thus d{TSy,Ty) < ^ for all m > 1. So, ;| - 
d{TSy,Ty) G P for all m > 1. Since — — )■ cx3, as m — * cx3, and P is 
closed, then -d{TSy, Ty) e P. TherebreT d{TSy, Ty) = 0. The injectivity 
of T imply that d(Sy, y) = 0, So has a fixed point. 

(iii) Let yi and ?/2 be two fixed points of S. Using the fact that S E DT{a,b), 
the following inequality is satisfied 

d{Tyi,Ty2) = d{TSyi,TSy2) < ad{Tyi,Ty2) 

which only holds of Tyi — Ty2, or since T is injective, yi = y2- 

(iv) If T is sequentially convergent, then replacing the sequence {n{k))k by (n)„ 
we conclude that lim„_»oo Xn — y. Showing in this way that {xn)n converges 
to the fixed point of S. 

(v) Let Xn — > p, where Sp — p. Then 

(3.6) d{TSxm TSp) < ad{Tx„ , Tp) + bd{Txn, TSxn). 

Applying the triangle inequality to the left side of inequality above, we 
obtain 

< (1 - b)d{TSxn,Txn) < {l + a)d{Txn,Tp). 

Since T is continuous, then for ^ c given we can choose iVi g N such 
that 

c 

d{Txn,Tp) < -, 

1 — 

thus, dlTSxniTxn) <C c. Therefore, d{TSxn,Txn) ^ ^ for all n > 1. 
Then we can conclude that ^ — d{TSxn,Txn) G P for all n > 1. Since 
^ ^ 0, as n ^ 00, and P is closed, we have that —d{TSxn,Txn) G P 
which finally imply lim d{TSxn,Txn) — 0. 

n — *oo 

(vi) By the triangle inequality we have 

d(Tp, TSp) < d{Tp, Txn) + d(Txn,TSxn) + d{TSxn, TSp) 
in view of that 5* e Dxia, 6), we get 

d{Tp, TSp) < d{Tp, Txn) + d{Txn,TSxn) + ad(Txn,Tp) 
+b[d{Txn, TSxn) + d{Tp, TSp)], 

therefore, 

< (1 - b)d{Tp, TSp) < (1 + a)d{Tp, Tx„) + (1 - b)d{Txn,TSxn). 

From p.4p . reasoning as in part (v), and because T is injective, we have 
that Sp = p. 

(vii) This in an immediate consequence of part (v) , equality (j3.6p , the continuity 
and injectivity of T. 

□ 
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4. Fixed point theorems that are consequence of Theorem 13.11 

This section is devoted to exhibit how Theorem 13.11 extends the fixed point 
theorems given in[31[Tl[Tl[lTl[231[lS[2Hl[31]- We would hke to put out that the 
mentioned Theorem l3.1l also generahze the asymptotic results of the cited references. 

Fixed point theorems on complete metric spaces. If we take E = M+ := {x E 
R : X > 0} and Tx ~ x in Theorem I3.H then we obtain (for the corresponding 
value of a and 6) the following: 

Corollary 4.1 (E.g. [13j . Theorem 2.1). Let {M,d) be a complete metric space 
and S : M > M is a contraction mapping. Then S has a unique fixed point. 

Corollary 4.2 (E.g. [11], Theorem 1). Let {M,d) be a complete metric space and 
S : M — > M a mapping satisfying, 

d{Sx, Sy) < b[d{x, Sx) + d{y, Sy)], 

for all x,y E M and b G [0, Then S has a unique fixed point. 

Corollary 4.3 (|23|. Theorem 2). Let [M,d) be a complete metric space, and 
S : M — > M an arbitrary mapping. If S satisfies the following condition, for 
a,b> with a + 26 < 1 and any x,y £ M , 

d{Sx, Sy) < ad{x, y) +b [d{x, Sx) + d{y, Sy)] . 

Then S has a unique fixed point. 

Now, if we only take E = K+ in the Theorem 13.11 we obtain: 

Corollary 4.4 ([3], Theorem 2.6). Let {M,d) be a complete metric space and 

T : M > M be an injective, continuous and sub sequentially convergent mapping. 

Then every continuous function S : M — > M satisfying 

d{TSx,TSy) < ad{Tx,Ty), 

for all x,y £ AI and < a < 1, has a unique fixed point. Moreover, if T is 
sequentially convergent, then for each xq E AI, the sequence (5"a;o) converge to the 
fixed point of S . 

Corollary 4.5 ([15], Theorem 2.1). Let {AI, d) be a complete metric space andT, S : 

AI > AI be mappings such that T is continuous, injective and subsequentially 

convergent. If b E [0,^) and 

d{TSx, TSy) < b [d{Tx, TSx) + d{Ty, TSy)] , 

for all x,y E AI , then S has a unique fixed point. Also if T is sequentially con- 
vergent, then for each xo € AI, the sequence {S'^xo) converge to the fixed point of 
S. 

Next result is the version of Dxia, b) on metric spaces. 

Corollary 4.6. Let {AI, d) be a complete metric space and T, S : AI — > AI be 
mappings such that T is continuous, injective and subsequentially convergent. If 
a,b > 0, with a + 2b < 1 and 

d{TSx, TSy) < ad{Tx, Ty) + b [d{Tx, TSx) + d{Ty, TSy)] , 

for all x,y E AI , then S has a unique fixed point. Also if T is sequentially con- 
vergent, then for each xq E AI, the sequence {S"xo) converge to the fixed point of 
S. 
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Fixed point theorems on complete cone metric spaces. As in previous part, 
for the corresponding different values of a and b, if we assume Tx = a; in Theorem 
13. II we get: 

Corollary 4.7 (^M], Theorem 2.3). Let {M,d) be a complete cone metric space 

and the mapping S : M > M is a contraction function. Then S has a unique 

fixed point in M and for any xq G AI , we have that {S"xo) converges to the fixed 
point. 

Corollary 4.8 ('34j, Theorem 2.6). Let {M,d) be a complete cone metric space 
and the mapping S : M > M satisfying, 

d{Sx, Sy) < b[d{x, Sx) + d{y, Sy)], 

for all x,y £ M and b e [0, i). Then S has a unique fixed point and for any 
Xq € M , we have that (S^^Xq) converges to the fixed point. 

Corollary 4.9 (C.f. [21j . Theorem 2.7). Let (M, d) be a complete cone metric space 
and S : M — > M an arbitrary mapping. If S satisfies the following condition, for 
a,b> with a + 26 < 1 and any x,y £ M , 

d{Sx, Sy) < ad{x, y) + b [d{x, Sx) + d{y, Sy)] . 

Then S has a unique fixed point. 

The final case is to consider T ^ id, where by id we denote the identity function 
idx = X for all x £ M. 

Corollary 4.10 ([IH], Theorem 3.1). Let {M,d) be a complete cone metric space, 
T : M — > M be an one to one and continuous function, moreover let S : M — > M 
a continuous function satisfying 

d{TSx,TSy) < ad{Tx,Ty), 

for all x,y £ M and < a < 1- Then 

(i) For every xo £ M, 

lim rf(T5'"xo,TS'"+ia;o) = 0; 

n—*oo 

(ii) There is yo £ M such that 

hm r5"xo = yo; 

n — *oo 

(iii) // T is sub sequentially convergent, then (S"'Xo) has a convergent subse- 
quence; 

(iv) There is a unique zq £ M such that 

(v) // T is sequentially convergent, then for each xq £ M the iterate sequence 
{S"xq) converges to zq. 

The following result generalize the T-Kannan class given in [55]. 

Corollary 4.11. Let {M, d) be a complete cone metric space and T, S : M — > M 

be mappings such that T is continuous, injective and sub sequentially convergent. If 
b £ [0, i), and 

d(TSx, TSy) < b [d{Tx, TSx) + d{Ty, TSy)] , 
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for all x,y Cz M , then S has a unique fixed point. Also if T is sequentially con- 
vergent, then for each xq € M, the sequence {S"xo) converge to the fixed point of 
S. 

Finally, we would like summarize these previous results in the following table: 
Notice that each box in the table below indicate the reference of the theorem gen- 
eralized by Theorem 13. II for each case of the function T in the left upper corner. 



T = id 
T 7^ id 


a,6 > 


a = 
b G [0, i) 


6 = 
a < 1 


{M, d) be a complete 
cone metric space 


C.f., pr, Thm 2.7] 

DT{a,b) 


'M, Thm 2.6] 

DT{0,b) 


131 Thm 2.3] 
Hi Thm 3.1] 


= R 


[231 Thm 2] 

DT{a,b) 


19, Thm 1] 
[2a Thm 2.1] 


[131 Thm 2.1] 
'3', Thm 2.6] 



Table 1 . Results generalized by Theorem 13.11 
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